Ne 3, 2022 167 «IKTY XABAPIIBICBI»

TEXHUYECKHE HAYKH @
H TEXHOJIOTHH

MALLUMHOCTPOEHNE, MPNBOPOCTPOEHNE
MALLNHA XXACAY, ACIIAT XXACAY
ENGINEERING, INSTRUMENT MAKING

DOI 10.51885/1561-4212_2022_3 167
MPHTW 30.19.15

G. Muslimanova', B.M. Abdeev?, T.F. Brim3, G.A. Baizakova*

Non-profit joint-stock company «D. Serikbayev East Kazakhstan technical university»,
Ust-Kamenogorsk, Kazakhstan

'E-mail: gmuslimanova@mail.ru

2E-mail: m.abdeeva@mail.ru

SE-mail: tbrim@mail.ru

4E-mail: gbaizakova@mail.ru

A NEW SOLUTION TO THE PROBLEM OF THE THEORY OF ELASTICITY IN STRESSES
ABOUT A ROTATING ROTATION ELLIPSOID

KEPHEYOEI AUHATIMATNbI 3NNUrncoua AUHANYbI TYPANbI CEPMIMAINIK
TEOPUACBIHbIH ECEBIHIH XXAHA LLUELUIMI

HOBOE PELUEHUE 3AOAYY TEOPUU YINPYITOCTU B HANPAXXEHUAX
O BPALLAIOLLEMCSA annuncounae BPALWEHNA

Abstract. An exact semi-inverse solution of the fundamental axisymmetric spatial problem of the
mechanics of an elastically deformable solid medium on the uniform rotation around a fixed axis of a
weightless ellipsoid made of a homogeneous isotropic material obeying the generalized Hooke law, taking
into account the mass centrifugal forces of inertia was obtained based on the two-dimensional equilibrium
equations and modified conditions of deformations continuity. The uncertainty (incorrectness) associated
with the multivariance of the approximate solution of the problem by the inverse method, depending on the
choice of approximating expressions for the stress function of the homogeneous biharmonic Love’s equation
and the selection of the corresponding internal force factors for the particular solution has been eliminated.
Compact and physically justified stress formulas in the form of four quadratic polynomials satisfying the
system of resolving differential equations and all boundary conditions on the ellipsoid surface have been
derived. A numerical evaluation of the known theory has been carried out, in comparison with the proposed
new solution for three values of the Poisson's ratio, covering the permissible range from 0 to 0.5, for the
special case of a rotating ball (when the semiaxis of the ellipse are equal). In the process of this comparison,
a sufficiently large error has been established, even from an engineering point of view, of the existing
mathematical model, which, according to the extreme main stresses acting in the center of a spherical body,
ranges from 16.22% to 22.82%. The great importance and necessity of the practical application of the
developed classical mechanical and mathematical model to the high-precision calculation of the strength of
the rapidly rotating turbine disks of elliptical profile in order to increase their guaranteed load-bearing capacity
and reliability during the operation has been noted and illustrated.

Keywords: stress; strain; angular velocity; elasticity; ellipsoid; axial symmetry.

AHOamna. Eki enwemdi mene-meHOik meHOeynepiHe xoHe deghopmauyusinapobiH e3eepmelimiHdieiHiH
molucpukayusinaHraH xardalnapbiHa CylUeHe OombIpbir, eKiHwi Ospexeni KapanalbiM Kenmywenepoi
KondaHa oOmbIpbIn, MaccanbiK UeHmpOeH menkiw UHepyus KywmepiH eckepe ombipbir, [ykmbiH
JKannbinaHFaH 3aHbiHa barbiHambeiH  6ipmekmi u3omponmsl MamepuandaH xacasifaH Ca/iMaKChl3
annuncoudmsiH KosranmalmabiH eci 6olbiHwa bipkernki aliHany myparbl ceprnimii-OechopmayusnaHambiH
Kammbl opma MexaHUKacCbIHbIH ipeesli ecmi cuMMempusinibiK KeHicmikmik ecebiHiH Hakmbl Xapmbinal
Kalima weuwimi anbiHObl. JAnnaunmukasnblKk OeHeHIH alHasy OuHaMUKacbiHbIH HeFyprbiM  Kypderi
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MamemamukarblK cunammamachiHaH albipMawblnibirbl, 6ipmekmi 6uzapmoHukanbik Jlse meHOeyiHiH
KepHey hyHKUUSChI YWiH XybIKmalmbiH epHekmepOi maHOayra XoHe XeKe WewiM ywiH muicmi iWki Kyw
akmopnapbiH maHlayra balnaHbicmbi ecenmi Kepi oa0icrieH XybiK wewyOiH Kern HyCKarbiblfbIMeH
6atinaHbicmbi 6eneicizdik (kame) xolbindbl. JugbghepeHyuandblKk meHOeynep xyUeciH xoHe 3nnuncoud
beminOeei bapnbiK wekaparblK xarlalnapObl KaHarammaHObipambiH Mepm KeadpammbiK Kernmyuwersik
mypiHOe biKWwam XoHe hu3uKkarnblK HezizdenzeH KepHey chopmynanapbl anbiHObl. 0-0eH 0,5-ke OeliHai
pyKcam eminzeH uana3oHObl KaMmumbiH [TyaccoH KO3aghhuyueHmIHIH yw MaHi ywiH atiHanmarssl 00nmbiH
Hakmbl Xardalbl yWwiH (3naurncmid xapmbinal eciHe meH 6onraH Ke30e) YCbiHbIIFaH XaHa WewWiMMeH
canbicmbipraHOa 6eneini meopusiHbl caHObIK baranay xypaisindi. byn canbicmbipy b6apbicbiHOa, minmi
UHXXeHepriK-mexHUKarblK mypfbidaH anraHoa, KondaHbicmarbl MamemamukarblK Modersnb, ceheparnbik
OeHeHiH opmacbiHOa apekem ememiH 3kcmpemarnobi Heai32i kKepHeynep bolbiHwa 16,22 %-0aH 22,82 %-
fa OeliiH aybimKUMbIH alimaprbikmal yiKeH Kamenik aHbikmanodsbl. [alidanaHy ke3iHOe onapdbiH Kenindik
bepineeH kemepy Kabinemi MeH ceHiMOiniaiH apmmeipy MakcambiHOa 3nnunmukarnsik beliHoeai xblndam
aliHanambiH myp6uHarsblK duckinepdiH 6epikmieciHe xofapbi 08n10ikmi ecernmeyzae 83iprieH2eH KrnaccukarsbiK
MexaHuKarnblK-MamemamukarblKk Mo0enb0i npakmukasnblK KorndaHyOblH YIKeH MaHbI30blbifbl MEeH
Kaxkemmiriiei KepHeki MbicaniMeH amar emirnodi xoHe kepceminoi.

TytiH ce3dep: kepHe;, Oechopmauusi; bypbilumbiK XblidamOblK; ceprnimOinik; annuncoud; akcuanboi
cuMMempus.

AHHOMauus. basupysicb Ha 08YMepPHbIX ypaBHEHUSIX pasHOBecUs1 U MOOUGUUUPOBAHHbIX YCII08USIX
HepaspblieHocmu Oeghopmayuli rnofayyeHo, ¢ NPUMEHeHUeM MPOCMbIX MHO204/1eHO8 8mopol cmerneHu,
modyHoe rnoslyobpamHoe peweHue ¢hyHOameHmarbHOU ocecuMmMempuyHoOU npocmpaHcmeeHHoU 3adaqu
MexaHUuKu yrpyao-0eghopmupyemoli meepdol cpedbi 0 pPaBHOMEPHOM 8paU,eHUU BOKPY2 HEMOOBUXHOU OCU
HesecoMo20 anuncouda u3 0OHOPOOHO20 U30MPONHO20 Mamepuarna, nodYyuHsirowezocss 0606wWeHHOMY
3aKoHy 'yKa, ¢ yuemom Maccosbix UEHMPOBEXHBIX cusl UHepyuu. B omnudue om cyujecmesyiouje2o bornee
C/I0XKHO20 MameMamu4yecKoeo ornucaHusi OUHaMUKU epaujeHusi 3rAunmu4ecko2o mesa, ycmpaHeHa
HeornpedesieHHOCMb (HEKOPPEKMHOCMb), C8si3aHHasi C MHO208apUaHMHOCMbIO MPUGLXEHHO20 peweHust
3adayu obpamHbIM MemodoM 8 3a8UCUMOCMU OM 8bI6opa annpPOKCUMUPYOUWUX 8bipaxeHull 01151 hyHKUUU
HanpskeHuli 00HOPoOHO20 buzapMOHUYEeCKo20 ypasHeHusi Jlaea u nodbopa coomeemcmeyruux
B8HYMPEHHUX CUs08bIX hakmopos Onsi YacmHOo20 peweHusi. BbigedeHbl KoMrakmHbie U u3uYecKu
0b60CHOBaHHbIe (hOPMYyIibl HarNpsKeHUU 8 sude Yembipex Keadpamu4HbIX MOTUHOMO8, yO08/1eMBOPSIHOULUX
cucmeme paspeluarouiux ougghepeHyuarnbHbIX ypasHeHUU U 8CeM 2paHUYHbIM YCrI08USIM Ha MosepxHoCmuU
annuncouda. MNpu mpex 3HayeHusix koaghgpuyueHma llyaccoHa, oxeamblearoujux donycmumsili duana3oH
om 0 9o 0,5, Ons yacmHo20 cryyas epaujarujeeocs wapa (koeda pasHbl osyocu annurca) rnposedeHa
yucrieHHasi oueHKa U3eecmHoll meopuu, o cpasHeHUo ¢ NPedrioXXeHHbIM HO8bIM peweHuUeM. B npouecce
3moeo corocmassieHusi ycmaHossieHa 00CmamoyYHO bornbwasi noepewHocms, 0axe C UHXEeHepHO-
mexHU4ecKol MOYKU 3PEeHUs, cywecmayrowel Mamemamu4yeckol Modesiu, Komopasi Mo 3KCmpemasibHbIM
2/1a8HbIM HarnpsKeHusiM, delicmayrowum 8 ueHmpe cghepudecko2o mena, konebnemcsi om 16,22 % 0o
22,82 %. OmmedeHa u npousocmpupogaHa Ha2nsiOHbIM rpuMmepom bonbwasi 3Ha4uMocme U Heobxo-
Oumocmb NPakmMu4yecKoeo MpUMEHEHUsT paspabomaHHOU Knaccudyeckol MexaHUKo-Mamemamuyeckol
MoOefiu K B8bICOKOMOYHOMY pacdemy Ha MPOYHOCMb ObICMPO epalyarouuxcs mypbuHHbIX OUCKO8
MIIUNMUYECKO20 NPOGhUIIS C Uerblo MoBbILEHUs] UX eapaHmuposaHHoU Hecyuell crocobHocmu u
HadexxHocmu npu 3KCryamayuu.

Knroyeeble crnoea: HanpsikeHue, Oegbopmauyusi;, yanoeasi CKOpOCMb, yrnpy20Cmb; 31auncoud;
akcuarsbHasi CUMMEMPUS.

Introduction. The being considered classical spatial problem of the linear mechanics of an
elastically deformable homogeneous isotropic body in the form of a rotating one with a constant
angular velocity = const of a weightless ellipsoid of rotation has a fundamental solution [1-
3], the basis of which is [1-14] (Fig. 1):

—equilibrium equations
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Figure 1. Calculation layout of an ellipsoid rotating with @ = const angular velocity

—four conditions for the deformations compatibility [1-5, 8]

2 2
Vzc,,—i(cr—ce)+ I oz __2Zro
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—here 2 =0, + Gy +G, —the sum of normal stresss;
—love 's biharmonic equation [1-5]

Vip=V*VZp=0,

3)

“)

equivalent to a homogeneous system (1) — (3), if, to get a general solution, using differential

dependencies
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— partial integrals, when, representing functions that are even in argument 7 [1,2]

2
6. =o, (r)=—1O 3720 2
8g 1—-pu
2
. 1+2
00, =0y, ()=~ 1 R ®)
g l-p
2
A S AL R
2¢ 1-p
— two homogeneous boundary condition [1, 2, 6]
B-r-o. +z-1=0, (7)
B-r-t+z-0,=0, (®)

since the surface of the ellipsoid is free from external load (Fig. 1), where, according to the
equation of an ellipse with ¢, a semi-axes [15]
2

Pz
Pl + = =1, 9)

it is necessary to replace the z variable by taking
Z=c-p-r. (10)

In the ratios (1) — (8): ©,.,04,0,,T are accordingly, the required normal ( &, — radial, G —
tangential, G ,— (azimuthal) axial) and T tangent of tension (Fig. 1);
V2 is Laplace operator

o 1 6 0
Vie - —+— 11
ot r or oz° (b

in r, z cylindrical coordinates [1-5, 9, 10, 16] for conditions of the axial symmetry of the rotation

body [1,2] when volumetric and surface forces (in this case, the inertial radial mass load r. o r
g

— (1)) do not depend on the azimuth angle @ ; ® is an angular velocity (the frequency of the
ellipsoid rotation);
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v, are correspondingly, the specific gravity (+y ) and the Poisson 's ratio (1) of the rotation

body material; g =98 1((

S—zj is the acceleration of gravity; 3 — the square of the ratio of the
semiaxes of the ellipsoid (Fig. 1)

2
c
T

p= (12)

a

which can be flattened when <1 (c<a) as well as elongated along the axis z, when >1 (c>a),
and in a special case =1 there will be a sphere of radius

c=a=R. (13)
Literature Review. The existing rather complex approximate solution of this problem by the

inverse method [4, 8, 14, 16] it is based on the use of formulas (4) — (11) and sums of Legendre
polynomials [1-4], including: four constants, two polynomials of the 3™ degree and two of the 5%

degree describing the resolving function (= (p(V,Z) of differential equation (4). As it is known

[5, 16], the accuracy of this method depends, first of all, on the successful (qualitative) selection
of approximating analytical expressions adequately characterizing the stress tensor [1-3, 10]. And
here a variant approach is possible in defining a particular solution (6) [1, 2, 4], as well as when
specifying Legendre power polynomials of the first degree [1-3, 17] which will naturally lead to
different end results, that is, to non-compliance with the uniqueness theorem of the solution of
the elasticity theory problem [1-5, 10, 18, 19].

Materials and methods of research. To eliminate these shortcomings including the
incorrectness associated with multivariance, the authors of this paper propose a fundamentally
new theoretical algorithm for more accurate mathematical modeling of the dynamic process under
consideration based on its practical implementation on the semi-inverse Saint-Venant method [4,
5,13, 14, 16], which is currently one of the most effective conceptual techniques for the analytical
solution of complex fundamental and applied problems of deformable solid mechanics [14, 18,
19, 20, 21].

Having the purpose of subsequent comparative evaluation of the new solution the authors
present an example of a special case of specific known approximate formulas and numerical
values of the greatest normal stresses [1, 2] arising in the center of a rotating sphere r=z=0,
when c=a=R,a =1 ((12), (13) and Fig. 1), where t=0, with coefficients p=0; 0,3; 0,5,
covering the maximum permissible range of their changes 0< £ <05 [22, 23-26]:
u=0 is stopper [23]

y-0* R
10-g-(1-p2)-(7+5u
+u-(11410p)+2- 32— p-(5u+4)]} =
- 7w -R?
10-g-(1-0)-(7+5-0)

5(0,0)=05.(0,0)=5,(0,0)=

)'{(3—2#)- (6+5u)+

{(3-2-0)-(6+5-0)+0-(11+10-0)+ (14)

2 2
+2.3-2-0-0-(5-0+4)} =0343. 22 R"
g
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2 2
c,00)= A4u—6+2uSu+4)=
00) 10g(1—p)-(7+54) : o+ 4) (15)
2 2 2 2
___ re R [4-0-6+2-0-(5-0+4)=-0,0857. - R".
10g(1-0)-(7+5-0)
p=0,3 are deformable aluminum alloys, titanium and its alloys [26], steel, glass [22]
2 p2
5(0,0)=0,(0,0)= 5,(0,0)= 0,418 K~ (16)
g
2 2
o,(0,0)=~0,0264- L2 R". (17)
g
p=0,5 — is rubber [24, 25]
2 2
(00)=0,(00)=5,(0,0)= 0474 LK~ (18)
g
2 2
o.(0.0)=0,0526- LR (19)

g
Using the algorithm of the semi-inverse method the tangential force component is found from
equation (1)

2 2 — =
5, =L 0% s O (20)
g or Oz

and substituted into the first modified condition for the deformations compatibility expressed in
the terms of stresses G,,6,,6, [6, 12, 13]

0

ro—loo - ule. +7 )+ (1+ )5, -5,) =0, (1)
by converting it to the shape
o e or .  _ 0G5, 07T 7o
SR el A N Al Iy P : : 2
5 [r 5 +r . /1(0'2+0',)}+(1+,u)( 5 + 62} (3+,u) p r, (22)

including the tangent component 7 .
Taking into account the axial symmetry of the calculation model of Figure 1 and in accordance
with [1, 2] it is supposed that:

G, =5,(rz)=C+C -1+ G- 2%, (23)
f=f(r,z):C4 rez; (24)
when C,, ... ,C4 are constants to be determined.

The horizontal line above the alphabetic characters &,,5,,6,,7 is a distinctive feature of the

listed parameters belonging to the improved computational and theoretical model.
The tangential = is excluded from equation (2) using substitution (24) and after its solution

[17] &, is calculated with the accuracy up to arbitrary integration f(r):

S R TR AN
0z or r (25)

G, =-Cy-2> + f(r)
Taking into account the expressions (24), (25) the boundary equality is revealed (8) when
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z% =¢* - -r?, according to (10):

Cyr?=Cy-22 4 f(r)=Cy -2 =Cy - +Cy - p-r* + f(r) =0, (26)
from where the following is got

Sr)=Cy e =Cy(1+ ). 27)
Taking into account (25) and (27) there will be
5. =5.(r2)=Cy [ = 2~ (14 p)- ] (28)

Next, we specify the tangential (azimuthal) component &, internal force factors, using the
ratios (20), (23), (24), and in the end it is found

2
59:59(;”,2):7 @ P4 +3-Cy P+ Gy 22+ Cy o (29)
g

The first boundary condition (7) the given approximating polynomials (23), (24) and formula
(10), results in a functional sum

B-C+p-Cyr?+Cy-f-c*=Cy-f2-r*+Cy-c* =Cy - f-r* =0, (30)
equal to zero, which decays into two homogeneous algebraic equations
B-Ci+Cy-B-c*+C,-c* =0, (31)
C,-p-C;-C,=0 (32)
and an additional dependency
2
C :—Cz-%:—Cz-az, (33)

after multiplying (32) by ¢’ and slow addition (31), (32).
Continuing to solve the problem, we exclude from the formulas (23), (24), (28), (29) constants

C,, C,, using the ratios (32), (33). The result of this procedure will be the following analytical

expressions:
& =5.(r2)=-Gla - )+ ¢, 2, (34)
G,=05,(rz)= —Cz(a2 —4r2)+ C3(22 —1’2)+Z -* (35)
g
5.=5.r2)=(C- - O -2 -1+ p) (36)
7=7(rz)=(C, - B-C)-r-z (37)

In the center of an elliptical body where ¥=z=0 due to the axial symmetry of the drawing
model 1 [1-3],

5(0.0)=5.(0,0)=5,(0,0)=—C, - az} (38)
7(0,0)=0,
and an axial stress is
EZ(O'O)Z(Cz_ﬁ'Ca)‘CZ~ (39)

Substituting (34) — (37) into the transformed continuity condition (22) and a similar second
equation of the compatibility of deformations [4, 6, 12, 13]

o S o ot
e e e (40)
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the canonical algebraic system is got [15, 17]
-Cy+ay,-C; =b,
a-ba a3 =0 } (41)
ay1-Cy+ay -Cy=by,
in which a;;, a),, a,), a,, are the coefficients for unknown C,, C;
ay =2+p+5 1, a,=-p-(2+p)+1] (42)
ay =9+7-pu , ay, =—p-(3+5-u), (43)
and b;, b, are free members
blz—,u~1-a)2 , b2:—(3+,u)~1-a)2. (44)
g g
Compact form of being solved equations (41) is like this [15]:
DZ D3
C,=—=, Cyj=—, 45
= G= (45)
when D, D,, Dy are determinants of the second order [15, 17]
a dip
D= = o — 1 s =
4y ay, dyy-dyy —dx-ap (46)
=—pB-(2+ B+5p)-B+5u)+(0+7u)-[-(2+ p)+1]
b a
D, = bl a12 =bj-ay,—by-a;, =
2 22 (47)
=§“02‘{ﬂ'ﬁ'(3+5ﬂ)—(3+ﬂ)'[ﬂ'(2+ﬁ)+1]})
D. = ay b b b =
3= b a0y —ay b =
a1 D
(48)
=§w2~[—(2+ﬁ+5ﬂ)-(3+u)+(9+7ﬂ)-ﬂ]

Table 1 shows the results of constants C,, C; calculation according to (45) — (48), and
extreme main stresses &,(0,0)=35,(0,0)=5(0,0), &.(0,0) based on (38), (39) for the sphere with

2
the radius R=a=c, when f= c_2 =1 for £=0; 03, 0,5.
a

Table 1. Calculated data by C,, C;, 5(0,0), EZ(O,O) definition

Required barameter The value of the Poisson’s ratio
equired p eters 0 0.3 0.5
D 27 23.75 19.75
Dy x—5- 12 1185 1125
V@
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D3x7i2 -9 —11,52 ~13
Cox- ye: —0,4444 ~0,4989 ~0,5696
ot ~0,3333 ~ 0,485 ~0,6582
(0.0)x 7"0;+Rz —0,4444 ~0,4989 ~0,5696
EZ(OIO)XM;+'R2 —0,1111 10,0139 ~0,0886

Considering the general ratios (34) — (37), there are found the functions of the main stresses

acting in sections of spherical body 1-1, 2-2, which a=c=R

with its axes of symmetry, where T(O,z): ?(r,O)z 0(Fig. 1 and 2):

—when =0, —R<z<R (section 1-1)

—when —R<r<R, z=0 (section 2-2)
5,(r0)=-C, (R - 12)

5,(0.2)=55(0.2)=

5,(r0)=-C, (R2 —4r2)— Gt

5,(0,2)=5,(0,z)=-C, - R* + C; - 22,
5.(0.2)=(c, —Cs)'(R2 _22)'

5.(r0)=(C, -G, )-(R> - 4r?)
Using equations (49) — (53), u#=0,3 is got (Table 1):
—for section 1-1 (r =0, -R<z SR)

—for section 2-2 (—R <r<R, z= O)

Go(r.0)=

g

y-o

5.(r0)=—00139-(r? ~2,2}

V@
g

-(0,4989R2 —0,48522)

2
5.(0,2)=-00139- 22" .(r? - 22)
g

5. (-0)=04989. L2 (R2-r2)

: [0,4989 : (R2 - 4r2)+ 1,485 - rzl

Vo

(3 B=c?a?= 1), coinciding

(49)
(50)

6))
(52)

(33)

(34)

(55)

(56)

(57)

(58)

Having functional dependencies (54) — (58), their values are at characteristic points 0, 1, 2 of
the sphere are determined. Table 2 shows the calculation results and Figure 2 illustrates plots of
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internal force parameters representing symmetric parabolas of the second degree.

Completing the computational process by illustrating this fundamental problem the Table 3 is
made with final numerical data on the main greatest stresses ,(0,0)= ,(0,0)=(0,0), ,(0,0)
for the sphere center (Fig. 2), found by the approximate inverse method [1,2] and presented by
the results of calculations (14) — (19) comparing with a new exact solution
5,.(0,0)=5,(0,0)=5(0,0), &,(0,0) using formulas (38), (39), (45) — (48) (Table 1) for three values
of the Poisson 's ratio x on a closed interval of its change 0< 2 <0,5 [22, 23-26].

Considering the quantitative information in Table 3, it can be stated that at least in the special
case of a spherical shape of a rotating body (Fig. 2) the well-known solution [1,2] is a rather rough
approximation even from an engineering and technical point of view since it gives an error on the
main, determining the bearing capacity of a solid, normal stress &,(0,0)=5,(0,0)=5(0,0)>&.(0,0)
from 16,22 % for p=0,3 to 22,82 %, when p=0 [23]. At the same time, the results of the
calculation of the secondary (not the main) axial component of internal forces o, (0,0) have the

largest margin of error, reaching 89,93% for some widely used metal materials and glass that have
u=0,3 [8, 13, 24, 26].

Table 2. Dimensionless calculated information on stresses
(54) — (58) for points 0, 1, 2 of a spherical body at #£=03

Main stresss
Point No. (and its
coordinates r, z) cox_ & Gox— 8 cox_ &
r 7/~w2-R2 0 ;/-a)2~R2 z y-a)z‘Rz
(r=g=0) 0,4989 0,4989 -0,0139
(=0 1z=ﬂ:R) 0,0139 0,0139 0
(r:ﬂ? 2=0) 0 20,0117 0,0139
Table 3. The final calculated results of dimensionless stresses
in the center of the spherical model
m 0 0,3 0,5
E(O’O)X% 0,4444 0,4989 0,5696
}/ . a) .
(0,0)x ﬁ 0,343 0.418 0.474
Error of the solution [1,2], % 22,82 16,22 16,78
EZ(O,O)XM+Rz 20,1111 20,0139 0,0886
. (0.0)x—=5— 20,0857 20,0264 0,0526
y-@” -R
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Error of the solution [1,2] 22,86 89,93 40,63

(Fig. 2), according to the expressions (38), (39), (45) — (48), and their comparison with the
approximate solution (14) — (19) [1, 2]

Results and discussion. In conclusion, the authors show a typical example of practical use of
a new generalized fundamental solution got by them (34) — (37), (45) — (48) to evaluate the
strengths of disk-shaped elliptical profile parts (Fig. 3), rotating at a circumferential speed of 400
m/s or more [25-27], in order to clarify the boundaries of the required load-bearing capacity. This
task is one of the most important problems in the design, production and operation of gas turbine
aircraft engines, steam and gas turbines, ultracentrifuges, etc. [4, 27-37], the most responsible
structural elements of which are disks, and their destruction carries, as a rule, catastrophic
consequences.

Axis of rotation

, T3 Os T 53 &,
r S y-@w -R° y.@".R" z ;V-&JZ-RZ

A1
“
g 0,7071R | ©

0 00,0117 0,0139
0,0139 T, x—8—
L #=03
0,4989
I
0,0139 WM I J'W e R 7(0,2)=7(r.0)=0

0,0498
0 eI e &7, 5 —&—
0,0139 y-o"-R

Figure 2. Graphical representation of extreme normal stresses for the axial 1-1 and equatorial
2-2 cross-sections of the ball, when u = 0,3

The currently existing approximate method of calculating disks is based on the theoretical
dependencies of the plane stress state [4, 7, 10, 16, 18, 30, 35, 40] the possibility of using which
is confirmed by the research of A. Stodola [31, 32] and Cree [36], when the bearing part of the
structure, having a disc-shaped shape, is presented in the form of a thin round plate of variable
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thickness 2=h(r) on the condition [31, 32] (Fig. 3)
a

here A, = h(O) =2c¢ =max — the greatest value of the function h(r); d =2a — the disc diameter.
Only if the boundary inequality (59) is observed, the engineering assessment of the reliability
of the disk can be based on five known prerequisites (Fig. 3) [4, 27-32]: 1) radial o, and

tangential o, stresses are constant in thickness h(r), that is, they do not depend on the variable

(59)

o0 | —

z; 2) the components of internal forces axial 6, =0 and tangent T=0 equal to zero; 3) the disk

has a plane of symmetry coinciding with the coordinate axis »; 4) the disk is stretched by
centrifugal forces of inertia [27]

N =N,(r)=2 o? 7 b, (60)
g

arising from its rotation at a speed of (= const which are assumed to be symmetric to the axis
z, assuming that its own weight is negligible; 5) the material is homogeneous, solid, isotropic and
obeys Hooke's law.

The plare of symmetry do
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Figure 3. Simplified model for calculating stresses in turbine elliptical disks at
JB <0125 (see (12) and (49)) [27-32]

The application of the physical and mathematical theory presented in this article to the high-
precision calculation of rotating elliptical disks becomes obvious and extremely relevant as a
consequence of the above.

The analysis of the performed complex studies allows drawing the following conclusions:
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1. An original solution in the components of the stress tensor of the fundamental
multifunctional problem of the theory of elasticity on the uniform rotation of a weightless
ellipsoid made of a homogeneous isotropic material has been got within the limits of physical
linearity and small.

2. Unlike the well-known more complex mathematical model [1, 2], the uncertainty related to
the multivariance of the approximate solution of the problem [1, 2] by the inverse method [4, 8,
16] has been eliminated. In this regard, the proposed semi-inverse method [5, 14, 16] is
mathematically accurate due to the direct (without intermediate relations (4) — (6)) assignment
of two (23), (24) of the four desired stress functions in the form of the second degree polynomials
with the complete exclusion of alternative (variant) in the analytical description of the stress state
and the identical satisfaction of the system of initial equations (1), (2), (22), (40) together with
boundary conditions (7), (8) on the surface of a rotating ellipsoidal body of rotation (Fig. 1).

3. The developed mechanical and mathematical model is brought to simple functional
dependencies (34) — (37), (45) — (48) illustrated by a numerical example of definitions by formulas
(54) — (58) when p = 0.3 the main stresses in the characteristic cross sections of the sphere, which
is a special case of an ellipsoid (Fig. 2).

4. A quantitative assessment of the approximate theory (14) — (19) [1, 2] has been carried out
for three values of the Poisson 's ratio p=0; 0,3; 0,5, a quantitative assessment of the approximate
theory in comparison with the new innovative solution has been carried out (38), (39) for the
center r = z = 0 of the spherical body where extreme main stresses occur (Table 1 and 3). A
sufficiently large discrepancy between the maximum internal force factors reaching 22.82% by
stresses g, (0,0) =a4(0,0) =7(0,0), g;- (0,0) = 54(0,0) = 6(0,0) and 89.93% - for the parameters g,
(0.0), g, (0.0) has been established,

5. The conclusion part of the paper substantiates the possibility and relevance of the practical
application of the derived formulas (34) — (37), (45) — (48) for a refined evaluation, based on the
general equations of the volumetric stress-strain state [ 1, 2, 4, 33], the bearing capacity of elliptical
discs (Fig. 3) used as critical elements of turbine impellers and turbochargers [27-30, 32-35].
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