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EXAMINATION OF A SOLID STAMP ON AN ELASTIC FOUNDATION
CEPMIMAI HETI3AEr KATTbI LUTAMNTbI 3EPTTEY
MCCNEOOBAHUE XXECTKOIO LUTAMMNA HA YINMPYIrOM OCHOBAHWUMU

Abstract. The paper considers obtaining results of calculating the normal stress, vertical
displacement, deflection and reactive pressure for a solid stamp on an elastic foundation. The values of
these calculations are used in solving problems of elasticity theory, but in practice it is difficult to obtain
the results of these problems. According to the Sadovsky method, the value of the reactive pressure on
an elastic half-plane foundation under a solid stamp tends to infinity. Calculations performed for a solid
stamp on an elastic base are poorly studied, but are widely used in modern construction, and improvement
of its calculation methods is mandatory. Therefore, the development of new, simple analytical and
numerical improved methods for solving these problems is relevant. The paper defines the values of the
deflection function for soil foundation with different modulus of elasticity. As a result, the bearing property
of the foundation decreases, the elastic soil foundation tends to perceive heavy loads, affects its shrinkage
and displacement. In addition, a change in the values of normal stress and vertical displacement was
detected due to the transformation of the I/h ratio lying outside the stamp. The maximum values of normal
stress and vertical displacement in the specified intervals and the reactive pressure of the stamp under
the action of a uniformly distributed load are calculated. The results of these calculations play an important
role in the field of construction mechanics, that is, simplify the process of analysis and design of structures.
The development of this improved equation opens up new opportunities for further research and
implementation into engineering practice, and is also used to calculate a beam on an elastic foundation.

Keywords: elastic foundation, stamp, normal stress, vertical displacement, deflection, reactive pressure.

AHOamna. Makanada cepnimOi Hezizdeai Kammbl wmamn YWwiH HOPMasoblK KepHey, MIK XbLTXKY,
malbICy XeHe peaKmuemiK KbICbIM HomUuXenepiH any KapacmbipbliFaH. byn ecenmeynepdiH maHOepi
cepnimOinik meopusicbiHbIH ecenmepiH wewyde KondaHblnaokl, 6ipak ic xy3iHOe arnbiHFaH Homuxxesnep eme
KypOeni 6onbin kenedi. Cadoeckull adici 6olbiHwa Kammbl wmamrn acmbiHOarbl cepnimOi xapmbinad
Heeisde natida 6onambiH peakmusmiK KbiCbIM WMamrnmbiH nepumempi 60lbIHWa wekci3oikke ymMmmablnaobl.
Cepnimdi Heziz0eai Kammbl Wwmamn ywiH opbiHOanambiH balinaHbiC ecenmeynepi a3 3epmmenzeH, bipak
Kagsipai 3amaHfbl Kypblribicma KeHiHeH KoridaHblnaobl XoHe OHbl ecernimey a80icmepiH xemindipy miHoemmi.
CoHObIKmaH ocbl macernenepdi wewydiH xaHa, KapanalbiM aHanumukarsblK XoHe caHObIK XemindipineeH
adicmepiH a3ipriey esekmi Macesne 6onbin mabbinadsl. Makanada spmypni cepnimOinik modyni 6ap
monbipakmel Heai30ep ywiH, MalbiCy byHKUUSICbIHbIH MaHOepi aHblKmandbl. HemuxeciHOe Heai30iH
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Kemepeaiwmik Kacuemi memeHOezeHiH kepcemedi, ceprnimOi morbipaK Heaidi yrkeH xykmemenepoi
Kabbinday Kacuemi, OHbIH weayi MeH XblKyblHa acepiH muzisedi. COHbIMeH Kamap, wmamnmaH mbIC
XamkaH I/h KkambiHacblH e32epmy apKbinbl HOpMarns0i KepHey MeH MiK XbIKy MoHOepiHiH e3zepici
aHbikmanobl. Hopmanbdi KepHey MeH mik XblmKyObiH 6epineeH apanbikmapoarbl €H YIIKEH MOHOepi XeHe
JKUHaKmarnfaH Kyw acep emkeHOe wmamrnmbiH peakmusmik KbiCbiMbl ecenmeniHii. Makanada anbiHFaH
Hemuxernep KypblibiC MeXaHuKa canacbiH0a MaHbI30bl 601k mabbinadbi, SFHU KypbiibiMOapobl manday
XoeHe xobanay npoueciH xeHindemedi. byn xemindipinzeH macindi a3iprey KeliHai 3epmmeynep MeH
UHXeHeprik meoxipubeee eHeidydiH xaHa MyMKIHOIKmepiH awadbl XoHe OHbl cepnimOi Heeizdeai
apkarblkmbl ecernmey canacbiHOa KondaHblnaobl.

Tytid ce30ep: cepnimOi Heai3, wmamr, HopMarnObIK KepHEeY, MiK XblKy, MalbICy, PeakmuemiK KbICbIM.

AHHOmMauyusi. B cmambe paccmampusaemcs [ofiydeHue pe3ynbmamos pacyema HOPMasibHO20
HarnpsiKeHUsi, 8epmuKaibHO20 rnepemeu,eHus], usauba u peakmueHo20 0asrieHuUs Of1s XXeCmKo20 wmamnna
Ha yrnpyeoM OCHOBaHUU. 3Ha4yeHusi 3mux pacyemos UCIMOoMb3YmCcs Mpu peweHuu 3adad meopuu
yrnpyaocmu, 0OHaKo Ha npakmuke roJsly4eHus1 pesynbmamoes 3mux 3aday 6/19emcsi CroxHbIM. [1o Memody
Cadoscko20 3HavyeHue peakmugHoz20 0OaefieHusi Ha yrpyaoM MosyrnI0CKOM OCHO8aHUU 00 XeCmKUM
wmamrnom cmpemumcs kK 6ecCkoHe4yHocmu. Pacyembl, 8bIrnonHsieMble 071 XKeCMKO20 wimamra Ha yrpyaom
OCHOBaHUU  Masiou3y4eHbl, HO WUPOKO UCIMOMb3YMCS 8 COBPEMEHHOM cmpoumesnibcmee, U
ycosepuwieHcmeogaHue Memo0oe8 e2o pacyema sienisiemcs obsisamensHbiM. [Toamomy pa3pabomka HO8bIX,
npocmbIX aHanIuUMUYecKUX U YUCIIEHHbIX yCO8EPUIEHCMEBOB8aHHbIX Memodo8 pelweHuss amux 3aday
sensemcs akmyarsnbHbiM. B cmambe onpedeneHbl 3HavyeHUs ¢hyHKyuUU udauba Orsi epyHmMOo8bIX OCHO8aHUl
C pasnu4yHbIM ModyrneM yripyeocmu. B pe3ynbmame Hecyujee ceolicmeo OCHOBaHUS CHUXaemcs, yrnpyaoe
2pyHmoeoe ocHogaHue umeem c8olcmaeo 80CrpuUHUMamp bonbliue Hagpy3sKu, enusem Ha e2o ycadky u
nepemeweHue. Kpome mozo, OOHapyxeHO U3MEHeHUe 3Ha4yeHUl HOPMaslbHO20 HarpsikeHus U
8epmukasibHo20 nepeMeuwjeHuUsi 3a cdem rpeobpa3zosaHuss OMHOWEHUs I/h, nexaweao eHe wmamra.
PaccyumaHb! MakcuMaribHbIe 3HaYeHUs1 HOPMaribHO20 HAaNpPsKEeHUs U 8epmuKalbHO20 nepemMewieHust 8
3alaHHbIX UHmMepsarsax u peakmusHoe 0asfieHue wmamna rnpu delicmeuu pagHOMEPHO pacripedesieHHOU
Hazpy3ku. Pesynbmambl yka3aHHbIX pac4yemos uepaem 6onbwyto posib 8 obnacmu cmpoumesnbHol
MexaHUKu, mo ecmb yrnpow,arom Mpouecc aHanau3a U MPpoeKmuposaHusi KoHcmpykuud. Pa3pabomka
0aHHO20 yCOBEPUWEHCMB08aHHO20 YpasHEHUs] OMKpPbIBAem HO8ble B803MOXHOCMU Orisi rocsiedyruux
uccnedosaHuli u 8HEOPEHUSI 8 UHXEHEPHYI MPaKMmMuKy, makxe ucronb3yemcs 0ns pacdema barnku Ha
yrpya20M OCHO8aHUU.

Knroyeenle cnoea: ynpyeoe oOcHO8aHue, wWmamr, HOPMasbHOEe HarpsiKeHue, eepmukaiibHoe
nepemeweHue, uzaub, peakmusHoe 0asrieHue.

Introduction. The theory of calculating beams on an elastic foundation is important in
construction practice. The problems associated with the study of structures lying on an elastic
foundation represent one of the most urgent, complex interesting tasks of construction
mechanics. Recently, attention to these tasks has been increasing. On the one hand, this is
due to the urgent needs of engineering practice, and on the other hand, to the development
and improvement of calculation methods. When calculating a beam on an elastic foundation,
first we establish a calculation model of the beam and consider the conditions of its contact
with the foundation, and then we calculate and compare the calculation options (Khryanina,
2016).

Two solutions of the theory of elasticity have become important for the calculation of beams
on an elastic foundation. Boussinesq's solution for a solid elliptical stamp on an elastic half-space
in its special case — for a solid centrally loaded round stamp - has found wide application for the
calculation of round solid plates. The second solution — for a solid strip in the conditions of a flat
problem — belongs to Sadovsky. The obtained formulas and diagrams of reactive pressures are
almost identical (Tsvei, 2014). L.G. Petrosyan's paper (Yaretskaya, 2018) provides a humerical
solution to the contact problem for a solid stamp with a flat sole pressed without friction into an
elastic foundation described by a generalized model. The contact problem is formulated in the
form of paired integral equations, and the proposed model allows us to obtain pressure plots for
an elastic half-space.

Spatial contact problems with an unknown contact area are studied for an elastic layer of finite
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thickness, into one face of which two identical elliptical solid stamps are symmetrically pressed.
The problems are reduced to an integral equation regarding the contact pressure. As a result, the
contact pressure is decomposed in a series according to the degrees of a small parameter
characterizing the relative thickness of the elastic layer (Balabusié¢, Foli¢ & Cori¢, 2019).

When solving problems of elasticity theory for a half-space, integrations of cumulative
differential equations are used, but in practice, this method turns out to be very difficult.
Therefore, a semi-reversible method was proposed to obtain the final solution, that is the reaction
of an elastic half-space under a centrally loaded rectangular stamp. The reaction of the elastic
half-space and the reactive pressure along the perimeter of the stamp takes the value to infinity
(Bosakov, 2019).

The effect of a uniformly distributed load when calculated according to the theory of elasticity,
the reactive pressures are uniform only for an infinitely flexible band (t—). As the flexibility
index decreases, the unevenness of the plot increases with increasing pressure towards the edges.
At t=0, so for a solid strip, the reactive pressures are distributed according to Sadovsky's formula,
and integrating this equation at the free edges of the strip, we obtained the equations for a solid
stamp (Ledenov, Monastyrev et al., 2016).

In the field of construction mechanics of contact interactions, non-stationary contact problems
are the least studied. These tasks are extremely important for various sectors of the national
economy, such as geophysics, seismology, acoustics, vibro-seismic exploration, foundation
engineering, military industry, etc. (Li, Arutiunian, Kuznetsova & Fedotenkov, 2020). To date,
there is only a limited range of works devoted to the study of the processes of non-stationary
contact interaction for a solid stamp and an elastic half-space. In one of the papers, a formulation
is given and a method is developed for solving new planar non-stationary contact problems for
absolutely solid stamps and an elastic half-space containing a recessed cavity with a smooth
boundary of arbitrary geometry. A resolving boundary integral equation is constructed using
Green's functions for an elastic half-plane. In the work of the following authors (Arutyunyan,
Kuznetsova & Fedotenkov, 2020), three solutions to the contact problem are considered: free
sliding, solid coupling and related contact. The method of solving the problem is constructed
using complex boundary integral equations using the dynamic mutual work theorem. The method
and solution algorithm developed by the authors allow it possible to study the processes of hon-
stationary contact interaction of solids with an elastic half-space.

The calculation of the elastic precipitation of solid rectangular foundations is one of the most
important tasks in classical mechanics for solving the precipitation of shallow foundations. To
calculate them, an analysis of the method of calculating the elastic precipitation of a solid
foundation was proposed. In the proposed pressure problems, when using a reference pressure,
the calculated value turns out to be unfavorable, which explains the complexity of the analytical
evaluation of the method. The methods of solving the problem proposed by the authors are based
on the concept of an equivalent shape, which replaces any solid rectangular foundation with a
foundation on the concept of an equivalent shape. The analysis showed that an equivalent ellipse
gives satisfactory results only if the condition of an even area, that is, an even perimeter length,
is fulfilled (Lysandros, Elias, 2020).

Contact problems for an elastic strip on a solid foundation have been studied a lot less, but are
widely used in modern construction and improving its calculation methods is a necessary
engineering task. To construct a matrix of vertical displacements of the points of the end of the
half-strip from the concentrated force, variational-difference methods are used. Based on these
movements, without taking into account friction in the contact zone, the tasks for a stamp of
different sizes pressed against the end of the strip are solved. The results of the distribution of
contact stresses and deflection moments, the vertical displacements almost coincide with similar
calculations for an elastic half-plane (Bosakov, 2023).
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The above works are distinguished by the complexity of mathematical calculations to find a
solution. The solution of the contact problem for a stamp located on an elastic half-space is given
below in a simpler way. In the following work (Akhazhanov, Omarbekova et al., 2020), a new
method for obtaining an analytical solution to the problem of deflection a beam on an elastic
foundation is considered. The elastic foundation is calculated using the deflection stiffness
parameter, the paper shows a comparative analysis of the Winkler method and the proposed new
method. In the work of the following authors (Akhazhanov et al., 2023; Akhazhanov, Bostanov
etal., 2023) a new numerical method for calculating a beam on a two-parameter elastic foundation
is proposed, the finite element method was used for calculation. The construction of a finite
element stiffness matrix was presented.

Relevance. The construction of an analytical solution to the contact problem for a solid stamp
on an elastic foundation is a great theoretical and practical interest in the field of modern
construction mechanics of a deformable solid, however, it is associated with serious mathematical
difficulties and is not always possible. Therefore, an urgent problem is the development and
improvement of new, simple numerical and analytical methods for solving these problems. Goal.
Development of a simplified method for calculating a solid stamp on a two-parameter elastic
foundation.

Research methodology. The calculation for a solid stamp on an elastic foundation is
considered. We apply the obtained solution to a solid beam (stamp) lying on an elastic half-plane.
A stamp is installed on the elastic foundation, the following values are shown: the length of the
stamp |, the length outside the stamp L, the height of the elastic foundation h, the evenly
distributed load go on the stamp (Figure 1).

o

EREEREEREERNER!

Figure 1. A solid stamp
Note — compiled by the author

In this case, the solution of the problem is completely determined by the formulas (Kasimov,
Akhazhanov & Kassenova, 2024) only (=1) is equal to (I is the length of the stamp).
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The normal voltage is determined using the following expression:

6(1-v? _
(k: )(1 + kzy)e ko

0= La(z) (2) (2)- a0 )

The vertical displacement of the point of application of force on the half-plane (Akhazhanov,
2020):

a(ZO) = e_kzo(l + kZO) = -

f(Zo) _ [1 n k(12+v) Zo] . e—kzo

Us(x1,20) = f(20) 2;;:% (5)3 3)

h

According to (1), the reactive pressure of the half-plane acting on the stamp is determined as
follows (B = 1):

Y11

r=-"qo
)’123
Yi1 = (1 —v?) (;L) » Yiz=14+vn1 4)
Resultant force of external and reactive pressure according to Flaman:
2R=p-4(qo—T1) ®)
The reactive pressure ro on the edge of the stamp is determined using the formula (5):
R = ‘817"0l

n(1-v?)(L :
Blrol = q—0l<1 - —(1 )(h) 3>

2 1+11.'(1—v2)(%)

do
Ty = 6
firy = 22 ©
do
r =
07 29108

The stamp draft at (p = 1) is determined by (1):

Y.
w, =123
Y22

\3
Y2 =1+m(l— vzz (Z) ©)
V23 = ZEl% (i)
Methods for calculating the stamp can be found in the works of Sadovsky and Dinnik. But
1o = o is a disadvantage of their solutions. In the literature (Galin, 1953), the reactive pressure
of the stamp (Fig. 1) under the action of a concentrated force is defined as:

2P

T(xl) = (8)
4x?
el 1—1—21
where: P —is the concentrated force.

If x; = é (edge of the stamp), then r (é) = oo, This is a disadvantage of this calculation. In
our solution, the reactive pressure at the edge of the stamp is ro. If in (7) B1=0, then r¢=c0. In this
case, our solution will also have a disadvantage, but the value of the reactive pressure ro will
depend on the length (L) of the half-plane, which is deformed outside the stamp, and its thickness
(h) and according to (8), the reactive pressure depends only on the length of the stamp. The stamp
is often used in life: in construction — the foundation; in blacksmithing — the sternum, etc.
Therefore, the value of the reactive pressure (7) is high.

Results and discussions. Below, consider calculations performed using a solid stamp on an
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elastic two-parameter foundation. Using this method, it is possible to determine a draft,
displacements of the ground and resistance of the soil foundation to external loads.
Determination of the mending on an elastic half-plane foundation under the stamp. Initial Data
for calculation: stamp length 1=1m, beam length parameter p=0.01, elastic foundation thickness
h=1m, Poisson's ratio v=0.3, length of the foundation lying inside the stamp L= 1m, a uniformly
distributed load go=5kN/m, the soil foundation is homogeneous. The calculation was based on the
length of the foundation lying inside the stamp. With various changes in the elastic modulus of
the foundation, the values of the deflection function were determined in how it affected the
foundation. The mending of the elastic foundation is calculated for given different modules of
elasticity of the soil foundation E1= 0.01Pa, E2= 0.05Pa, E3=0.1Pa, E4=0.5Pa (Table 1).

Table 1. Deflection function values

x (m) 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

WIL(x) | 9.722 | 9.722 | 9.722 | 9.722 | 9.722 | 9.722 | 9.722 | 9.722 | 9.722 | 9.722 | 9.722

W2(x) | 1.944 | 1.944 | 1.944 | 1.944 | 1.944 | 1.944 | 1.944 | 1.944 | 1.944 | 1.944 | 1.944

W3(x) | 0.972 | 0.972 | 0.972 | 0.972 | 0.972 | 0.972 | 0.972 | 0.972 | 0.972 | 0.972 | 0.972

W4(x) | 0.194 | 0.194 | 0.194 | 0.194 | 0.194 | 0.194 | 0.194 | 0.194 | 0.194 | 0.194 | 0.194

Note — compiled by the author

Where: W1(x), W2(x), W3(x), W4(x) — values of the deflection on an elastic half-plane
foundation under the stamp. From the calculated values of the function, we see that as the modulus
of elasticity of the soil foundation decreases, the value of the deflection function increases. As a
result, the bearing property of the foundation shows a decrease, the elastic soil foundation tends
to perceive heavy loads, affects its settlement and displacement. The values of the deflection
calculations are displayed as a graph (Figure 2).

10 T T T T
= F=0.,01 Pa
pee E=0.05Pa
1 E=0.1Pa ||
=- = E=0.5 Pa
Wi(x)
— _
W2(x)
Wi(x)
wax) 4T 7
2'_............................................_
D""-'-'-I'-°-°-'-°1-'-'-°-'-I‘-°-'-'-'1'°-°-'-"-
0 02 04 06 038

X

Figure 2. The deflection of the half-plane affecting on the stamp
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Note — compiled by the author

Also in this paper, the change in the values of normal stress and vertical displacement is
determined by changing the I/h ratio lying outside the stamp. Table 2 shows the maximum values
of normal stress and vertical displacement at the specified intermediate parameters. As a result,
the higher the length of the base lying outside the stamp, the lower the value of the normal stress,
and the value of vertical displacement increases on the contrary. In addition, the values of normal
stress and vertical displacement were determined by various parameters of the height of the elastic

foundation. Carrying out these calculations makes it possible to conduct research on the entire
length of the elastic bfoundation.

Table 2. Maximum values of normal stress and vertical displacement at
specified intermediate parameters

L/h 63(z0) U3(x1, z0)
0,1 —1,429-10* 2-10%
0,5 —0,018 0,025
1 -0,139 0,194
Note — compiled by the author

The values of the results obtained from the calculation at different heights of the elastic
foundation of vertical displacement were presented in the form of a diagram (Figure 3).

N

N

A
7/
7,

7
%
7
A
7
7
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7
e
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Figure 3. The vertical displacement of the elastic foundation
Note — compiled by the author

It is vital to consider the distribution of reactive pressure on the elastic half-plane, since the
beam is calculated for uniformity from its solution. In this paper, the reactive pressure of the
stamp is determined under the action of a concentrated load. In the calculation process, the beam
length parameter was assumed to be f1=0.01, because if B1=0 is assumed, then the values of the
reactive pressure will be infinite. The calculation of the reactive pressure of the elastic foundation
and the parameters of the elastic body was determined by the formula (4). The reactive pressure

at the edge of the stamp was determined according to the formula (6). All calculations were
performed in the MathCAD program, the results are shown below.
3

L
yi:=m(1 —v?) (E) = 2.857, Y12:=1+y;; = 3.857
r(x): = % *qo = 3.7037901176958573132
12
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r0(x): = %0 _ — 64,810494115207134339
2¥12P1
— 107 .4 _ 107 3, 107
R1(x) :=r0(x) + (30 x e 20 x)
RI := [r0(9 if x<01 R2(X) := |r0(x) if x>09
r(x) otherwise r(x) otherwise

R(X):=R1(x)+R2(x)

The uniform forces of external and reactive pressure are shown in the form of a graph (Figure
4) with a high value of reactive pressure at the longitudinal edges of the elastic foundation. Also,
as a result of the calculation, it was found that as the values of the x parameters in the stamp
increase, the values of the reactive pressure on the elastic foundation approach the stamp.

80 T T T T

60 .

R(X) 40

201 n

0 | | | |
0 0.2 0.4 0.6 0.8

X

Figure 4. Reactive pressure of the elastic foundation
Note — compiled by the author

Conclusion. To summarize, simplified formulas for new calculations of a solid stamp on an
elastic two-parameter foundation were considered. Using calculations, the values of ground
sediment, vertical displacement, deflection and reactive pressure were determined. Using
different elastic modulus in calculations, the values of the deflection function were compared, as
a result of which the deflection value decreases as the elastic modulus increases. The values of
vertical displacement and normal stress arising on the elastic foundation were changed taking into
account the length lying outside the stamp. As a result, the value of the length lying outside the
stamp decreases, the value of the vertical displacement decreases, and the value of the normal
stress increases. In addition, this paper defines the values of the reactive pressure at the edge of
the stamp and located horizontally, which occurs on an elastic foundation on which the stamp is
installed. The values of the reactive pressure fluctuate depending on the distance of the regions
on the elastic foundation. The system of solving equations is fully automated, and the calculation
results are presented in the form of tables and plots, graphs.
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