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TRAJECTORY TRACKING SIMULATION OF A WHEELED MOBILE ROBOT

JOHI'EJIEKTI MOBWJIAI POBOTTBIH KO3FAJIBIC TPAEKTOPUACBIH MOJAEJIBAEY

MOJEJIUPOBAHUE TPAEKTOPUM IBUKEHUS KOJECHOI'O
MOBMJIBHOI'O POBOTA

Abstract. This paper presents an event-driven structure for modeling trajectory tracking of a wheeled mobile robot.
The robot’s controller is modeled by a virtual microcontroller. Control algorithms are implemented in event handlers,
which can be viewed as analogs of interrupt handlers of a real microcontroller. The goal of the research was to create
a simulator that allows testing trajectory control methods for wheeled robots, implemented as programs for
microcontrollers operating as part of control systems. In this case, for one dynamic model of the robot, different control
algorithms are implemented by different program code of the event handlers of the virtual controller. The feature of
the developed simulator of the microcontroller control system for a wheeled mobile robot is that it allows testing the
program code implementing the sofiware implementation of the mobile robot control controller. This feature
distinguishes this new type of simulator from simulators created using traditional methods and opens up good prospects
for using such simulators in education for organizing laboratory work in disciplines related to the design of
microcontroller control systems and allows using virtual equivalents of control system components that are not
available or poorly suited for conducting full-scale experiments.

Keywords: Trajectory tracking simulation, wheeled mobile robot, event-driven programming, dynamic modeling
of a mobile robot.

Anoamna. Byn maxanada OoHeanakmsl MOOURLOI poOOMMbIY MPAEKMOPUACHIH 0aKblIAYObl MoOenboeyee
apHANEaH oKUeaza He2izoenceH KYpbliblM YCblHbLI2AH. Pobom KoOHmpoanepi supmyaniovl MUKPOKOHMPOILED APKbLIbL
Modenvoenedi. backapy —aneopummoepi oKuza  eHOeyuilinepiHoe Jicy3eze  Acbipbliadvl,  O1aApObl  HAKMbL
MUKPOKOHMPOINEPOIY Y3y OHOeylepiniy ananoemapsl Oen canayea 6oaaovl. 3epmmeydiy maxcamvl 6ackapy
Jicytlenepiniy 6ol peminoe HCYMbIC ICMeimin MUKpOKOHmMpOJLepiiepee apHaiean basoapramanap peminoe icke
acelpbLIameiH  00H2ANAKMbL POOOMMApObly MPAeKMOPUsCbIH 6acKapy 20ICMepiH CblHAY2a MYMKIHOIK Gepemin
cumyasimopowl Kypy 6010vl. Convimen Kamap, 6ip OUHAMUKATLIK pobom YA2ICi yulin apmypni 6ackapy areopummoepi
8UpmMYyanovl KOHMPONIEP OKURAIAPbIH OHOeYwinepdiy apmypai 0a20apiamanvly KoOmapsl apKulibl JHcy3ee
acvipiiaosl. Jonzanaxmel Moo6unrsoi pobOomKa AapHANAH MUKPOKOHMpPONLepOi Oackapy oicyueciniy a3ipaeHeeH
CUMYTSIMOPYIHBIY epeKuienicl, 01 Mobunvdi pobommul 6AcCKapy KOHMPOILEPIHIY 0a20apIaMANbIK ICKe ACbIPYbIH
Jicy3ece acvlpamvli 6a20aPIAMANLIK KOOMbL COIHAYEA MYMKIHOIK 6epedi. byn MymKiHOiKk mpenasiceprapovly dcana
mypin 0acmypai a0icmepMen Hcacaiean mpenadicepiepoeH epexuieneHoipeoi, JHcarne MUKPOKOHmMpoiepaepoi backapy
Jrcytienepin sicobanraymen 6aaanbicmsl naHOep GOUbIHUA 3ePMXAHATBIK JHCYMbICIMAPObL YUbLMOACMbIDY YIMiH OLim
6epyoe ocbl mekmec mpenadicepaapobl NauOaIanyObll HCAKCbl NePCREeKMUBANAPbIH auLaObl, HCIHE MOLbIK AYKLIMObL
DKCREPUMEHMMmep JICYPi3y YWiH KON JHCemIMCI3 Hemece Jcapamcsl3 6ackapy JiCyueciniy Kypamoac 6onikmepiniy
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BUPMYANIObL IKEUSANECHMMEPTH NAOAIAHYEA MYMKIHOIK Oepeoi.
Tyitin ce30ep: Tpaexmopusinbl Kada2anayobl mMooenvoey, 0OHANIAKmbl MOOUILOI poOOm, oKu2aea Hecizoencen
b6azoapramanay, MoounbLOi poOOMMmMbl OUHAMUKATBLIK MOOEIbOEY.

Annomayusa. B oaunoli cmamve npeocmasiena coObIMUUHO-YNPAGIAEMAsl CIMPYKMYpa 018 MOOeNUpO8aAHUs.
OMCIEHCUBAHUA MPAEKMOPUU KONECHO20 MOOUTbHO20 poboma. Konmponnep poboma mooenupyemcsa eupmyanibHbim
MUKPOKOHMPOIIEPOM. AN20pummbl  YnpasieHus peanusyiomcs 6 06pabomuuxax coOuimuil, KOmopwvle MONMCHO
paccmampusams KAk amanou 06pabomyuKos npepuleanuli peaibHo20 MuKpokonmponepa. Llenvio uccnedosanus
0bIIO CO30aHUe CUMYTIAMOPA, NO3BONAIOWE20 MECMUPOBAMb Memoobl MPAeKMOPHO20 YNPAGIeHUs KONeCHbIMU
pobomamu, peanusyemviMu KAk npoSpammbl 015l MUKDOKOHMPOLNEPOS, PAOOMAOWUX 8 COCIMAGe CUCTEM YNPABIEHUS.
Ilpu smom 031 00HOU OuHAMUYECKOU MOOenu pOOOMA Pa3IuiHble ANOPUMMbL YAPABTIEHUS. Peaiu3VIOmcs PA3HbIM
NPOSPAMMHLIM KOOOM 00pabomuuxos codvimuili eupmyanvHozo Kowmpoanepa. Ocobennocmv pazpadomaHHo20
CUMYTIAMOPA  MUKPOKOHMPOTIEPHOU CUCEMbL YRPABIEHUA KOJNECHbIM MOOUNbHBIM POOOMOM 6 MOM, UMO OH
NO36051eMm MeCMUPO8aAms NPOSPAMMHBLLL KOO, peau3yiowuii RpOSPAMMHYIO peanu3ayuio KOHMpoiepa ynpaeieHus
MOOUNLHBIM  pobOmMOM. Dma uepma Omauyaem HOGbl MUN CUMYIAMOPO8 OM CUMYIAMOPOS, CO30A8AEMbIX
MPAOUYUOHHBIMU MEMOOaMU, U OMKPbIGAem XOpouiue NepcneKkmuebl NPUMeHeHUs CUMYIAMOPO8 MaKo2o pooa 6
obpazoeanuu O0nsi opeaHusayuu 1a6OpPAmopHLlx pabom no OUCYUNIUHAM, CEA3AHHBIM C NPOEKMUPOSAHUEM
MUKPOKOHMPOIIEPHBIX CUCHEM YNPAGIeHUs U NO360JIAeNn UCHONb306ANb GUPIIYATIbHbIE IKBUBALEHIbI KOMNOHEHMOS
cucmemul ynpasienus, He0OCmynHwle Uil Maionpueoonbvle 0711 NPOGedeHUs HAMYPHBIX IKCHePUMEHNO0B.

Knrouesvie cnosa: Mooenuposarue omcaexicusanus mpaekmopuu, KoaecHvlil MOOUTbHbIL poOOm, cOObIMULIHO-
VNpasnaemoe npocPaAMMUPOsanUe, OUHAMUYECKOe MOOEIUPOBAHUE MOOUILHO20 poboma.

Introduction. The two-wheeled differential drive robot is a widely popular design among
mobile robots (Manoharan et al., 2024; Hassan & Saleem, 2022; Mata-Machuca et al., 2021).
This design features two independently powered wheels and a third, freely rotating castor wheel
for stability. By controlling the power supplied to the motors, the robot can move forward, rotate
in place, or navigate along any arbitrary curve within a plane (Zhao et al., 2023; He et al., 2024).
Due to the simplicity of the design and availability of the necessary components, Differential
Drive Whiled Robot (DDWR) robots are popular in amateur robotics and are widely used in
education (Fahmizal et al., 2024). MATLAB/Simulink environment is often used for computer
simulation of DDWR robots (Channareth et al., 2022; Fernando & GanLim, 2021). This approach
to computer simulation of wheeled mobile robot control systems is very popular and well-
documented in the technical literature. In particular, articles (Nair et al., 2016; Mirzaeinejad et
al., 2018; Gao et al., 2021) provide a detailed description of the application of this approach to
the task of computer simulation of the trajectory control process of a DDWR robot that we are
interested in. Typically, when using the Simulink/Matlab combination, the control laws are
defined using the same graphical design methods as the physical-mathematical model of the robot.
This is a very convenient approach for modeling control systems that operate on continuous
signals, as the modeling environment offers numerous ready-to-use tools for signal operations
described by continuous functions of time, such as ordinary differential equation (ODE) solvers,
differentiation and integration blocks, and so on. However, in the vast majority of cases, mobile
robots (particularly DDWRs) operate under the control of a microcontroller or a single-board
computer. The data read by the microcontroller unit (MCU) from sensors (feedback signals of the
microcontroller control system) are discrete, not continuous signals. The mobile robot control
controller is implemented in software and represents a discrete control system. As is known, even
in cases where a microcontroller control system simulates the operation of a continuous control
system (as an example, one can cite numerous software implementations of PID controllers), the
specifics of the control system implementation often make its simulation inadequate by means
intended for simulating continuous systems. On the other hand, debugging microcontroller
programs controlling mobile robots (especially autonomous mobile robots) is often extremely
difficult. It would be highly desirable to have a simulation environment for microcontroller
control systems for mobile robots that allows simulating the operation of the microcontroller
controlling the system. It is particularly desirable that such a simulation environment allows
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simulating the execution of specific software code loaded into the microcontroller, similar to the
Proteus electronic circuit simulation environment. This paper describes a prototype software
simulator for a DDWR robot’s microcontroller control system, which possesses these desirable
features. The main distinguishing feature of our proposed scheme for simulating the operation of
a wheeled mobile robot’s microcontroller control system is the concept of a virtual
microcontroller that interacts with the hardware environment simulator. The software virtual
microcontroller is a set of user-defined functions simulating interrupt handlers of the real
microcontroller controlling the DDWR robot. During the simulation session, the hardware
environment simulator code calls these functions, simulating hardware interrupts from timers
setting the control system timing, as well as interrupts generated by the microcontroller’s built-in
capture blocks. The simulation system provides the user with an API that allows reading data
from virtual sensors generated by the hardware environment simulator during the execution of
virtual interrupt handler code, as well as setting so-called control codes, simulating robot motor
control. The set of virtual interrupt handlers corresponds to the event-driven MCU control
application framework, practically applied for creating embedded applications. This framework
is described further in Section 4 of this paper. The hardware environment of the simulated
microcontroller control system for the mobile robot is described in Section 3. Obviously, in order
to create a simulator, it is necessary to have both a kinematic and a dynamic model of the DDWR.
Descriptions of the kinematic and dynamic models of the DDWR robot used are given in Sections
1 and 2 respectively.
1. Kinematic and dynamic models of a DDWR robot.

Yi

Xl

Figure 1. A diagram of a DDWR robot
Note — compiled by the authors based on (Dhaouadi & Hatab, 2013)

Let {X,,Y;} denote the fixed Cartesian inertial frame and {X,, Y;.} denote the moving Cartesian
frame of the robot. The origin of the robot frame is at point 4, located at the midpoint of the axis
between the wheels. The center of mass of the robot (point C) is assumed to be located on the axis
of symmetry, at a distance d from point A.

The motion of the differential drive mobile robot is characterized by two nonholonomic
constraint equations, which are obtained using two main assumptions:
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No lateral slip motion: This constraint simply means that the robot can move only in a curved
motion (forward and backward) but not sideward. In the robot frame, this condition means that
the velocity of the center-point A is zero along the lateral axis:

Yo =0 (1)

Pure rolling constraint: The pure rolling constraint represents the fact that each wheel
maintains a one contact point P with the ground. There is no slipping of the wheel in its
longitudinal axis and no skidding in its orthogonal axis. The velocities of the contact points in the
robot frame are related to the wheel velocities by:

{VpR = R¢p @)
VpL = Ry,
the three constraint equations can be written in the following matrix form:
Mg =0, 3)
where
—sin@ cos® 0 0 0
A(@Q) =] cos® sin®@ L —-R 0 4
cos@ sin6 —-L 0 -—R
and

. S
q = [%a Yo 6 9r ¢1] (5)
The kinematic model of the differential drive mobile robot is actually quite simple and is

described by two well-known equations (6) and (7) for the linear velocity of the robot’s center of
mass v and the angular velocity w =  of the robot.

_vrtv,  _(pr+ L)
v = R

= 6
5 5 (6)
w = R (Pr—9L) (7)
2L 2
The Lagrange-Euler equations for the DDWR have the form (8):
d (0L L
(2= — —F— AT A’ 8
dt (aqi) T @ ®)

where L=T-V is the Lagrangian function, T, is the kinetic energy of the system, V is the potential
energy of the system, qi are the generalized coordinates, F is the generalized force vector, A is
the constraints matrix, and A is the vector of Lagrange multipliers associated with the constraints.
As shown in the paper (Dhaouadi & Hatab, 2013), the equations in Lagrange form (8) are
equivalent to the equation of motion of the mobile robot (9).

( 21\ , 1
(m+F>v—mcdw :E(TT-{_TL)
212 , L )
I +FlW W+ m.dowv = E(‘L’T - 1),

where 7z and T; — moments of friction forces applied to the right and left wheels of the robot
respectively (since we assume that the wheels move without slipping, Tz and t; are equal to the
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torque of the corresponding electric motors), d — distance from the center of mass of the robot to
the axis passing through the centers of the robot’s wheels, m, — mass of the mobile robot without
wheels and motors attached to the wheels, m = m, + 2 - m,, — the total mass of the robot (m,, —
mass of the wheel with a gearmotor attached to it), I = I, + m.d? + 2m,, L? + 2I,,, the moment
of inertia of the mobile robot about the vertical axis passing through point A (the center of the
robot’s wheel axle) (I, — the moment of inertia of the robot (without wheels and motors) about
the vertical axis passing through the center of mass, I,,, - the moment of inertia of the wheel about
the vertical axis passing through the center of the wheel), [,,, — the moment of inertia of the robot
wheel about the horizontal axis passing through the center of the wheel. Next, taking into account
the kinematic equalities (6) and (7), we obtain from (9) the equations of motion in the form (10).

{(bR = f1(Pr, 91 TR, TL)
@ = fo(Pr, PL- TR, TL)
We do not give the analytical expressions for f; and f, due to their complexity, but we note

that obtaining these expressions is a completely trivial task. The DC commutator motor,
installed on the robot are described by equations (11).

(10)

( di,
Vg=Ryg+Lo——+e

a dt a
eq = Kpwmea , (11)
eq = Kiigy
T=Ntp,

where, i, is the armature current,( Ry, L,) (Where the index a takes the values {R,L}) is the
resistance and inductance of the armature winding respectively, e, is the back emf, w,,, is the
rotor angular speed, 7, is the motor torque, (K; , K} ) are the torque constant and back emf
constant respectively, N is the gear ratio, and is T the output torque applied to the wheel. Since in
the DDMR the motors are mechanically coupled to the robot wheels through the gears, the
mechanical equations of motion of the motors are linked directly with the mechanical dynamics
of the DDMR. Therefore, for each dc motor, the expression (12) holds.

Wma = N@g (12)
From system (11) taking into account (12), we can obtain the equation (13):
) K; R, K; K:Ky N\
o= (7o) ()= (F) a3

In the four-dimensional phase space (@g, @, Tgr,T;) equations (10) and (13) define the
equation of motion of the system in canonical form (14):

x = f(x,u), (14)

where x(t) = ((/'JR (®), (), (1), 14, (t)) — the state vector of the system, and u(t) =
(uL (t), ug (t)) — the control signal vector.

2. Structure of the Microcontroller Control System for a Two-Wheeled Differential Drive
Mobile Robot. We assume the mobile robot is controlled by a microcontroller or a single-board
computer. Consequently, we consider a discrete-time control system, whose block diagram is
depicted in Figure 2. We assume that the mobile robot is equipped with DC commutator
gearmotors with integrated rotary encoders. The rotary encoder outputs a predefined number of
pulses per revolution of the gearbox shaft. Processing data from the integrated encoders allows
achieving two goals. First, based on the encoder data, it is possible to reconstruct discrete signals
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representing the dependence of the mobile robot’s wheel rotation angular velocity on time.
Second, access to the encoder data allows building an odometric system for determining the
position and orientation of the mobile robot (obviously, in the absence of slippage of the robot's
wheels).

ENCR

ENCL

IMU

WMR
LPS

Controller

PWMr
Dr

PWM
L B UL

Figure 2. Block Diagram of the Microcontroller Control System for a Two-Wheeled Mobile Robot
Note — compiled by the author

The controller is a microprocessor board or a single-board computer. Dz and D; denote the
DC commutator motor drivers of the mobile robot. PWMy and PW M, are low-voltage pulse-
width modulated signals controlling the motor drivers of the right and left wheel, respectively.
ENCg and ENC, are the signals from the encoders of the robot’s right and left motors, IMU is a
MEMS inertial sensor unit, LPS (Local Positioning System) is a unit of the local positioning
system.

3. Structure of a microcontroller program controlling a mobile robot. Timing organization.
Let T denote the duration of the working cycle of the microcontroller-based control system. At
time instants t, = k - T, where k is an integer index, the control signal u(t) is updated. During
the working cycle (over the time interval [ty, t;,1]) the controller is engaged in collecting data
from sensors. The timing is set by one of the microcontroller’s built-in timers. Timing is set by
one of the microcontroller’s built-in timers. Timer interrupts occur at a fixed time interval t.
During timer interrupt processing, sensors are polled (such as MEMS inertial sensors and local
positioning systems) and the acquired readings of discrete signals are stored in corresponding data
structures (e.g., circular buffers) in the microcontroller’s RAM memory. Therefore, the interval T
can be considered as the discretization step for feedback signals. The duration of the working
cycle T is chosen so that it contains a whole number M of time intervals 7, i.e. T = M - T. The
time instants t;, are determined by the overflow of a software-implemented counter modulo M
(the counter is incremented at each timer interrupt). Encoder pulses are processed by the
microcontroller’s built-in capture units. The use of hardware capture units allows measuring the
time intervals between encoder pulse edges in the clock cycles of the timer source associated with
the respective capture unit. To organize encoder data reading, interrupt processing is performed,
the source of which are the engaged capture units. Interrupts are generated upon the arrival of
encoder pulse edges (it is obvious that interrupts generated by capture units are not synchronized
with timer interrupts). After the working cycle is completed, code implementing a software
control unit for managing the mobile robot is executed, i.e., control codes c u c? are calculated
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based on the readings of discrete sensor signals (feedback signals). Subsequently, after control
code calculation, depending on the hardware implementation of the robot’s motor drive, the
control codes are either loaded into the duty cycle control registers of the pulse-width modulated
(PWM) signal (when controlling motors using H-bridge drivers) or loaded into digital-to-analog
converters (DACs) controlling the motor drive with analog control input, or transmitted over one
of the standard serial communication interfaces (such as UART, SPI, 12C) to digitally controlled
drives. Let us uj (t) and u3(t) as step functions, defined by the equations (15).

VE € [t tern] w(0) = U U = gy [, (15)

Cmax

where j = {1,2}, and ¢pq = 2V — 1. In the last equation, the integer N p is the resolution of the
PWM or DAC, used for controlling the mobile robot’s motors. Obviously, it is assumed that the
values of the control codes cj u c? are limited to the value gy, T.€. Vk ¢}, cZ € {0,1, ..., Crpax}-
Assuredly, the actual control signals should be described by a continuous function u;(t). We

adopt a control signal model of the form (16), where the parameter value A > 0 is chosen such
that > < T.

Vt € [t tipr] W () = uf ™t + (1 — e M) (uf —uf ), (16)

4. Structure and principles of operation of a simulator for an autonomous wheeled mobile
robot with a microcontroller-based control system. The simulator is structurally divided into two
modules: a hardware environment simulator module and a virtual control controller module.
Functionally, the virtual controller represents four user-defined functions — three virtual interrupt
handlers with predefined names and signatures, and also a user-defined Init() function, as well
as the simulator’s API — a set of functions implemented in the hardware environment simulator
code, available to the user when writing the code for virtual interrupt handlers. All user-defined
functions of the virtual controller are called only from the hardware environment simulator code.
The Init() function is called by the hardware environment simulator at the beginning of the
simulation process. It is assumed that user-defined variables are initialized and dynamic data
structures are created in the code of the Init() function. Furthermore, it is assumed that the call
to the Init() function coincides with the beginning of the first working cycle of the simulation
process and the user has the ability to set the initial values of the control codes cg and c3 in the
code of the Init() function by calling the simulator API function
SetControlCodes(int ccy,int ccy). The actual simulation process is based on sequentially
calculating the dependence of the system state vector x(t) = (gb r(), ¢, (1), Tr(t), T, (t)) on time
at time intervals [ty, t41] working cycles of the virtual mobile robot controller). At the beginning
of each simulation step, the hardware environment simulator calls a user-defined virtual interrupt
handler function from timer timer_1_interrupt_handler(). It is assumed that timer 1 interrupts
correspond to the end of the current working cycle of the virtual microcontroller. In the interrupt
handler, new values of the control codes c and cZ are set for the next k — the working cycle
([tx, ti+1] time interval). Since the values of the control codes cjt and ¢? Since the values of the
control codes u(t) on the interval [t,t;,1] according to equations (16), solving the system
dynamics equation (x = f(x,u)) on the interval [t;, t;,,] reduces to an initial value problem for
an ODE system of the form (17):

x(tk) = xtk X = g(xr t)r (17)
where the initial value x;, is the value of x,,(tx) (xpr(t) the dependence of the system state
vector x(t) on time on the interval [t;_4, t; ], calculated on the previous simulation step, and the
function g(x, t) is defined by equation (18).
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g(x,t) = f(xu(t)) (18)

For numerical solution of the system of ordinary differential equations (4), we used the
solve_ivp ODE solver from the SciPy library. Among the input parameters of the solve_ivp there
is the method parameter, which allows us to choose one of several numerical methods
implemented in the library for solving the initial value problem for ODE systems.

We used the Explicit Runge-Kutta method of order 5 (17) (Dormand & Prince, 1980). The
solution of the ODE system (18) gives discretely defined functions ¢g(t) and ¢, (t) on the
interval [ty, ty+1] (dependencies on time of the angular velocities of rotation of the right and left
wheels of the mobile robot). First, based on these data, kinematic characteristics such as the
dependence of the magnitude of the linear velocity of the mobile robot on time and the dependence
of the angular velocity of the robot on time are restored. Combining these data with the data
obtained in previous steps of the simulation process, numerical integration methods are used to
calculate the robot’s trajectory on the plane. The next step of the simulation process is to perform
a sequence of calls to the user-defined virtual interrupt handler function from timer
timer_2_interrupt_handler(). It is assumed that timer 2 interrupts correspond to the cycles of
data collection by the virtual microcontroller program. In the timer_2_interrupt_handler()
interrupt handler, data on the current position and orientation of the virtual robot is typically
requested. After the procedures described above are completed, the simulation proceeds to the
next step for the next working cycle (time interval [t 1, txs2])-

While articles (Zangina et al., 2020) and (Mikova, 2023) provide valuable insights into
kinematic and dynamic modeling, their simulation approaches are less suited for capturing the
complexities of microcontroller-based control systems. Our proposed method distinguishes itself
with a more realistic and practical simulation approach, making it a more powerful tool for testing
and evaluating control algorithms for wheeled mobile robots, particularly in educational settings.

Conclusions. The wheeled mobile robot microcontroller system simulator presented in this
paper enables testing of program code that implements the software for the robot's control system.
This feature distinguishes the presented new type of simulator from simulators created using
traditional methods in a radical way, opening up promising opportunities for using such
simulators in education.

Primarily, simulators of this type are well-suited for organizing laboratory work in disciplines
related to designing microcontroller control systems. The simple API of the simulation system,
available when writing virtual controller code, allows for a focus on control problems without being
distracted by numerous minor issues characteristic of low-level embedded programming.
Additionally, the simulator allows for the use of virtual equivalents of control system components
that are unavailable or poorly suited for conducting full-scale experiments.
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